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Recent theoretical studies have gradually deepened our understanding of the one-dimensional
(1D) Kardar-Parisi-Zhang (KPZ) universality class even in the large deviation regime, but numerical
methods for studying KPZ large deviations remain limited. Here we implement a method based on
the population dynamics algorithm for studying large deviations of time-integrated local currents
in the totally asymmetric simple exclusion process (TASEP), which is a pragmatic model in the 1D
KPZ class. Carrying out simulations for the three representative initial conditions, namely step,

at, and stationary ones, we not only con�rm theoretical predictions available for the step case, but
also characterize large deviations for the 
at and stationary cases which have not been investigated
before. We reveal in particular an unexpected robustness of the deeply negative large deviation
regime with respect to di�erent initial conditions. We attribute this robustness to the spontaneous
formation of a wedge shape in interface pro�le. Our population dynamics approach may serve as a
versatile method for studying large deviations in the KPZ class numerically and, potentially, even
experimentally.

I. INTRODUCTION

The importance of the Kardar-Parisi-Zhang (KPZ)
universality class [1] for many-body dynamical processes
is widely acknowledged (for reviews, see, e.g, [2, 3]).
First, it describes a surprisingly broad range of phenom-
ena, starting from interface growth, stochastic particle
transport, and directed polymers. Most recently, even
polariton condensates [4], time crystals [5], and inte-
grable spin chains [6, 7] are in the scope. Second, the
KPZ class in one dimension (1D) has been thoroughly
studied through exact solutions [2, 3], revealing a wealth
of nontrivial universal statistical properties. For exam-
ple, it has been shown that the distribution function of
typical 
uctuations is given by a family of Tracy-Widom
distributions, originally formulated in random matrix
theory, and that it depends on the choice of the initial
condition. The following three cases, sometimes called
the universality subclasses, are particularly important:
the Tracy-Widom distribution for the Gaussian unitary
ensemble (GUE) appearing for the step initial condition,
that for the Gaussian orthogonal ensemble (GOE) for
the 
at initial condition, and the Baik-Rains distribu-
tion for the stationary initial condition. In the litera-
ture, these universal laws have been occasionally com-
pared even with the central limit theorem [8].

Similarly to the central limit theorem, the Tracy-
Widom laws for the 1D KPZ class govern the distribu-
tion of typical 
uctuations, leaving large deviations [9]
beyond the scope. Here, typical 
uctuations refer to

uctuations growing with time as t 1=3, governed by the
growth exponent of the 1D KPZ class, while large devi-
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ations are those growing in the order of t. Even though
large deviations are generally less universal than typical

uctuations, recent theoertical and mathematical studies
have unveiled interesting statistical properties that may
be partly shared in the KPZ class (see, e.g., [10{16]). For
example, the probability density P (�h; t) of local inter-
face height 
uctuations �h at large time t can be clas-
si�ed to the following three regimes, with asymmetric
time-dependence between the negative and positive tails
[10]:

P (�h; t) �

8
><

>:

e�t 2 � (+)
� (�h=t) ; �h � �O(t) < 0;

t �1=3 f (+) (�h=t 1=3); �h � O(t 1=3);
e�t� (+)

+ (�h=t) ; �h � O(t) > 0;
(1)

if the KPZ nonlinearity takes a positive coe�cient. Oth-
erwise, i.e., for negative KPZ nonlinearity,

P (�h; t) �

8
><

>:

e�t� (�)
� (�h=t) ; �h � �O(t) < 0;

t �1=3 f (�) (�h=t 1=3); �h � O(t 1=3);
e�t 2 � (�)

+ (�h=t) ; �h � O(t) > 0:
(2)

Here we assumed that �h and t are appropriately rescaled
and dimensionless. In the following, we may omit the
superscript in � (�)

� and f (�) indicating the sign of the
KPZ nonlinearity, unless it has to be speci�ed explicitly.

The quantities of interest are the rate functions � � (�)
or equivalently their Legendre transforms. While analyt-
ical solutions were given in the literature for some solv-
able models and speci�c initial conditions [10, 11, 13, 17],
exact results on large deviations, in particular those for
late times and on the initial condition dependence, are
considerably limited compared with typical 
uctuations.
Experimentally, while exact results for typical 
uctua-
tions were largely tested and con�rmed in liquid crystal
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turbulence [3, 18{22], large deviations remain beyond the
scope, almost by de�nition, because large deviations con-
cern rare events that do not occur in realistic time scales.

Numerical approaches are therefore expected to play
an important role. Numerically, various algorithms have
been devised to e�ciently sample rare events, known by
the name of importance sampling [9]. Such a sampling
is typically achieved by adjusting statistical weights so
that those events are no longer rare, by modifying the
time evolution rule for example, then converting the bi-
ased statistical quantities to the original, unbiased ones.
This strategy was successfully applied to local heights
of the KPZ equation [23, 24], but the initial condition
dependence of large deviations at late times is yet to
be investigated. More importantly, since modifying the
time evolution rule is impossible in experiments, it is de-
sired to develop another method that may in principle
be implemented in experiments too. In this context, it is
interesting to test another type of importance sampling
that does not modify the time evolution rule, namely
the population dynamics (or cloning) method [9], which
replicates or kills trajectories during the time evolution
to assign biased statistical weights to them (Fig. 1(a)).
In the KPZ literature, this method was applied to global
heights [25, 26] but not to local heights. The latter is of
interest because of the characteristic time dependence of
Eq. (2) and other predictions available from exact stud-
ies.

Here we report population dynamics simulations for
studying large deviations of local heights, with a partic-
ular focus on their initial condition dependence. Speci�-
cally, we use the totally asymmetric simple exclusion pro-
cess (TASEP), one of the best studied models in math-
ematical approaches to KPZ [2, 3]. After describing
the model and the simulation method in Sec. II, we will
present results for the three representative initial condi-
tions of the KPZ class, namely the step, 
at, and station-
ary initial conditions, in Secs. III-V. Concluding remarks
are given in Sec. VI.

II. MODEL AND METHOD

A. Model

The studied model, TASEP, is the strong asymme-
try limit of the asymmetric simple exclusion process
(ASEP) [27, 28], a paradigmatic model of stochastic par-
ticle transport on a one-dimensional lattice. In TASEP,
particles hop stochastically to their right neighbor sites
at a constant rate (set to be 1) if the target sites are
empty (Fig. 1(b)). The only interaction between parti-
cles is volume exclusion, which prevents them from hop-
ping to sites that are already occupied; otherwise par-
ticles undergo stochastic hopping independently. This
model is known (and mathematically proven) to be in
the KPZ class. Indeed, by replacing occupied and unoc-
cupied sites with downward and upward slopes, respec-
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FIG. 1. Model and method. (a) Concept of the population
dynamics algorithm. (b) The model TASEP. Particles hop
stochastically to their right neighbor sites at a constant rate
if the target sites are empty. (c)-(e) Three initial conditions
considered in this work. The top and bottom panels show
particle con�gurations and the corresponding interface pro-
�les, respectively.

tively, one can map particle con�gurations to interface
pro�les (Fig. 1(c)-(e)) and each hopping of a particle cor-
responds to a local growth of the interface at the corre-
sponding position. The increment of the interface height
h(x; t) is given by the time-integrated current of parti-
cles, i.e., the total number of particles that have passed
position x rightward until time t. In the following, we
only analyze h at x = 0, which is the center of the lattice
of size N (see Fig. 1(c)-(e) again). With this, we de�ne
the rescaled height 
uctuation �h by

�h �
h � �(1 � �)t

�(1 � �)
(3)

with particle density � �xed to 1=2 here. Note that
TASEP is known to have negative KPZ nonlinearity
[2, 3, 17], so that the large deviation laws are given by
Eq. (2). The superscript of � (�)

� and f (�) will be omitted.
In the present work, we study the three representative

subclasses of the one-dimensional KPZ class, correspond-
ing to the step, 
at, and stationary initial conditions
(Fig. 1(c)-(e)). The step initial condition is a con�gu-
ration where the left half of the system is fully occupied
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and the right half is fully empty (Fig. 1(c)), and typi-
cal 
uctuations in this case are known to show the GUE
Tracy-Widom distribution [2, 3, 17]. The 
at initial con-
dition refers to a con�guration where occupied and unoc-
cupied sites are alternating (Fig. 1(d)) and typical 
uc-
tuations show the GOE Tracy-Widom distribution. For
the stationary initial condition, an initial con�guration
is drawn from the Bernouilli distribution with density
� = 1=2 (Fig. 1(e)), i.e., each site is set to be occupied or
unoccupied with equal probability. Here we also impose
the constraint that the total number of occupied sites is
half of the number of sites, N . Practically, we choose N=2
out of N sites randomly and put particles therein. Typi-
cal 
uctuations in this stationary subclass are known to
be characterized by the Baik-Rains distribution.

B. Population dynamics algorithm

We adapted the population dynamics algorithm devel-
oped in Refs. [25, 26] to study large deviations of local
height 
uctuations �h of TASEP. Essentially, we gener-
ate a given number (denoted by Ncl ) of \clones" starting
from an identical initial condition. They evolve indepen-
dently, but at a given interval, some are duplicated and
others are killed, according to their value of �h at x = 0
and the bias parameter k we set for each simulation. For
k > 0 (resp. k < 0), clones with larger (resp. smaller)
�h are replicated more at the expense of other clones, in
such a way that the total number of clones is kept con-
stant at N cl . Speci�cally, we implement it as follows, for
each time step of size �t = 1:

1. Each clone (index i = 1; 2; � � � ; Ncl ) evolves during
�t according to the time evolution rule of TASEP.

2. For each clone i, the change of �h during �t, de-
noted by �h i , is recorded. Then the partition func-
tion Z t =

P N cl
i=1 ek�h i is evaluated.

3. Each clone i is replicated to ni = b ek�h i

Z t
Ncl + �c

clones, with a random number � 2 [0; 1) drawn
from the uniform distribution. If n i = 0, the clone
is eliminated.

4. Since the resulting number of clones may deviate
slightly from N cl , we randomly select an appro-
priate number of clones to duplicate or eliminate,
thereby precisely setting the total number of clones
to N cl .

Repeating these steps, we obtain a time series of the par-
tition function, fZ t g. From this, we can evaluate the
cumulant generating function (CGF)

�(k; t) � lnhe k�h i = ln
Z

ek�h P (�h; t)d(�h) (4)

of the original (unbiased) TASEP, by

�(k; t) = ln

 
tY

t 0=0

Z t 0

Ncl
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FIG. 2. Examples of time evolution of interface pro�les for
the step initial condition, for k = �1 (a), k = 0 (b), and k = 1
(c). Simulation parameters: N = 1024; N cl = 10000.

By substituting the function form of each large deviation
regime in Eq. (2) for P (�h; t) in Eq. (4), we obtain, for
large t,

�(k; t) ’

(
t� � (k); (k < 0);
t2� + (k=t); (k > 0);

(6)

with the scaled CGF � � (k) de�ned by the following Leg-
endre transform:

� � (k) = sup
z

[kz � � � (z)]: (7)

Figure 2 shows time evolution of typical interface pro-
�les for various bias parameters k, in the case of the step
initial condition. If k < 0, particles tend not to cross
x = 0, and as a result the wedge-shaped initial interface
pro�le tends to persist (Fig. 2(a)). If k > 0, particles
tend to cross x = 0 as soon as they arrive at the site
on its left, so that the interface is pinched upward at
x = 0 (Fig. 2(c)). Note that the e�ect of bias is quite
asymmetric. Indeed, while for k < 0 it is su�cient to
prevent the particle right before x = 0 from jumping to
keep �h small, for k > 0, in order to bias �h positively, we
need to promote hopping not only to the particle right
before x = 0 but also to subsequent particles to make
the site right before x = 0 occupied as soon as possi-
ble. Therefore, unlike the negative bias, the positive bias
essentially involves multi-body e�ect, and this results in
the negative-positive asymmetry of the large deviation
laws in Eq. (2).

III. STEP INITIAL CONDITION

We �rst study the case of the step initial condition
(Fig. 1(c)). This serves as a testbed of our population
dynamics method for local heights, because exact solu-
tions are available for this case [10, 17, 29]:

� step
� (z) = jzj 1=2 �

1
2

(1 + z) ln
1 + jzj 1=2

1 � jzj 1=2 ; (�1 < z < 0);

(8)

� step
+ (z) =

1
32

�
2(1 + z) 2 ln(1 + z) � 3z 2 � 2z

�
; (z > 0);

(9)
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FIG. 3. Simulation results for the step initial condition with N = 10000 and N cl = 10000. (a)(b) The absolute value of CGF
j�(k; t)j (a) and its local exponent d ln j�(k;t)j

d ln t (b) for negative bias k < 0. In (a), simulation data (symbols) are compared with
Johansson’s exact solution for negative large deviations (solid lines), Eq. (10), or the prediction for typical 
uctuations (dashed
line), Eq. (14). (c) The scaled CGF � � (k) for the negative tail. Simulation data of �(k; t)=t with t = 10000 (symbols) are
compared with the exact solution (line), Eq. (10). (d)(e) The CGF �(k; t) (d) and its local exponent d ln �(k;t)

d ln t (e) for positive
bias k > 0. In (d), simulation data (symbols) are compared with Johansson’s exact solution for positive large deviations (solid
lines), Eq. (11), or the prediction for typical 
uctuations (dashed line), Eq. (14). (f) The scaled CGF � + (k=t) for the positive
tail. Simulation data of �(k; t)=t 2 (symbols) are plotted against k=t and compared with the exact solution (line), Eq. (11).

where the superscripts indicate that these are for the step
initial condition. By the Legendre transform, Eq. (7), we
obtain

� step
� (k) = �k �

e�2k � 1
e�2k + 1

; (k < 0); (10)

� step
+ (k) = �k +

1
32

h
e2(1+W ( 8k�1

e ))

+2(8k � 1)e 1+W ( 8k�1
e ) + 1

i
; (k > 0); (11)

with the Lambert W function W (�) [30]. Substituting
it to Eq. (6), we obtain the following predictions on the
behavior of �(k; t) for large t:

�(k; t) ’

(
� step

� (k)t; (k < 0);
8
3 k3=2t1=2; (k > 0):

(12)

Here, the expression for k > 0 is obtained by taking the
small k limit of Eq. (11), � step

+ (k) ’ 8
3 k3=2.

If t is not large enough, the averaging of Eq. (4) may
still be dominated by typical 
uctuations. For the step

initial condition, typical 
ucutations are given by [17]

P (�h; t) ’
� 1=3(1 � �) 1=3

t1=3 f GUE

�
�� 1=3(1 � �) 1=3 �h

t1=3

�
;

(�h � O(t 1=3)); (13)

with f GUE (�) being the probability density function of
the GUE Tracy-Widom distribution [31]. Substituting it
to Eq. (4), we obtain the following expression of the CGF
in this regime:

�(k; t) ’ �
h� GUE i

� 1=3(1 � �) 1=3 kt1=3; (small jkj and t);

(14)
with h� GUE i � �1:77 being the mean value of the GUE
Tracy-Widom distribution.

The above theoretical predictions are entirely con-
�rmed by our population dynamics simulations (Fig. 3).
The CGF �(k; t) indeed shows crossover from the typ-
ical 
uctuation regime [Eq. (14)] to the large deviation
regimes [Eq. (12)], as demonstrated by the precise agree-
ment between the numerical data (symbols) and the the-
oretical predictions (lines) in Fig. 3(a)(b) for k < 0 and
(d)(e) for k > 0. For k < 0, the absolute value j�(k; t)j
is shown, because �(k; t) is negative for small jkj and t
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as predicted by Eq. (14). As �(k; t) crossovers from the
typical 
uctuation regime to the large deviation regime,
its sign changes from negative to positive, appearing as
a cusp in Fig. 3(a) for k = �0:774.

Using the data for large jkj and t, we can evaluate the
scaled CGF � � (�). For k < 0, � � (k) is evaluated by
�(k; t)=t and found to agree precisely with the exact so-
lution [Eq. (10)] [Fig. 3(c)], except for the leftmost data
point for which the convergence was slow and not reached
by the simulation time we adopted (t = 10 4). For k > 0,
� + (k=t) is evaluated by �(k; t)=t 2 [Fig. 3(f)]. One can in
principle access the entire functional form of the scaled
CGF by � + (k=t) ’ �(k; t)=t 2 [Eq. (6)], but in practice, a
large clone number Ncl is required to appropriately evalu-
ate �(k; t) for large k and t. For a given �nite N cl , �(k; t)
follows Eq. (6) only for �nite time, then it suddenly drops
as we can see in the data for k = 1 in Fig. 3(d). This lim-
ited our access to �+ (k=t) to the small-k=t region only,
� + (k=t) ’ 8

3 (k=t) 3=2 [Fig. 3(f)].
Before ending this section, it is worthwhile to re-

mark that the large deviation regimes are connected to
the typical 
uctuation regime through the tails of the
GUE Tracy-Widom distribution. For the posivite tail
(�h > 0), since f GUE (s) � e �jsj 3 =12 for s ! �1, we
have P (�h; t) � e � 1

48 t 2 (�h=t) 3
, hence � step

+ (z) ’ 1
48 z3

for z ! +0 and � step
+ (k) ’ 8

3 k3=2 for k ! +0. These
are consistent with the corresponding asymptotic behav-
ior of Eqs. (9) and (11), respectively, and the latter was
demonstrated in Fig. 3(f). Similarly, for the negative tail
(�h < 0), since f GUE (s) � e � 4

3 s3=2
for s ! +1, we

have P (�h; t) � e � 2
3 tj�h=tj 3=2

, hence � step
� (z) ’ 2

3 jzj3=2

for z ! �0 and � step
� (k) ’ 1

3 jkj 3 for k ! �0. These cor-
respond to the asymptotics of Eqs. (8) and (10). In con-
trast to the positive tail, our simulations for the negative
tail were able to access both the small-jkj and large-jkj re-
gions of � step

� (k), � step
� (k) ’ 1

3 jkj 3 and � step
� (k) ’ jkj � 1,

respectively, as demonstrated in Fig. 3(c).

IV. FLAT INITIAL CONDITION

For the 
at initial condition, to our knowledge, exact
solutions for the large deviations are not available in an
explicit form in the literature. Our population dynamics
simulations may therefore provide the �rst report of its
large deviation properties. For typical 
uctuations, it is
known from exact studies [32] that

P (�h; t) ’
� 1=3(1 � �) 1=3

t1=3 f GOE

�
�� 1=3(1 � �) 1=3 22=3�h

t1=3

�
;

(�h � O(t 1=3)); (15)

with f GOE (�) being the probability density function of
the GOE Tracy-Widom distribution [33]. Substituting it
to Eq. (4), we obtain the following expression of the CGF

in this regime:

�(k; t) ’ �
h� GOE i

22=3� 1=3(1 � �) 1=3 kt1=3; (small jkj and t);

(16)
with h� GOE i � �1:21 being the mean value of the GOE
Tracy-Widom distribution. Since f GOE (s) � e � 2

3 s3=2

for s ! +1, we have P (�h; t) � e � 2
3 tj�h=tj 3=2

in the
crossover region to the negative tail (�h < 0), hence
� 
at

� (z) ’ 2
3 jzj3=2 for z ! �0 and � 
at

� (k) ’ 1
3 jkj 3 for

k ! �0, which are identical to those for the step initial
condition. For the potisive tail (�h > 0), since f GOE (s) �
e�jsj 3 =24 for s ! �1, we have P (�h; t) � e � 1

24 t 2 (�h=t) 3
,

hence � 
at
+ (z) ’ 1

24 z3 for z ! +0 and � 
at
+ (k) ’ 4

p
2

3 k3=2

for k ! +0. In particular, we have

lim
k!+0

� 
at
+ (k)

� step
+ (k)

=
1

p
2

: (17)

Therefore, for the 
at case, we expect

�(k; t) ’

(
� 
at

� (k)t; (k < 0);
4

p
2

3 k3=2t1=2; (k > 0):
(18)

Figure 4 shows the numerical results of our population
dynamics simulations for the 
at case. Similarly to the
step initial condition, the CGF �(k; t) shows crossover
from the typical 
uctuation regime [Eq. (16)] to the large
deviation regimes [Eq. (18)] [Fig. 4(a)(b)(e)(f)]. Strik-
ingly, the data indicate that the scaled CGF for the neg-
ative tail is identical to that for the step initial condition
[Fig. 4(c)], not only for the k ! �0 limit as suggested by
the Tracy-Widom tail but for all k, i.e.,

� 
at
� (k) = � step

� (k) (19)

with � step
� (k) given by Eq. (10). This may be surprising

at �rst glance, but some hint is given by the interface
pro�le for k < 0 [Fig. 4(d)], which develops a wedge very
similar to that for the step initial condition [Fig. 2(a)].
This is indeed reasonable because, for k < 0, particles
are prevented from hopping from x < 0 to x > 0, ending
up jamming leftward from x = 0, just like in the case of
the step initial condition. Regarding the positive tail, we
con�rm � + (k=t) � (k=t) 3=2 with the same exponent value
as for the step case [Fig. 4(g)], but the proportionality
constant seems to di�er by a factor of 1=

p
2 for small

k=t (see inset), as predicted in Eq. (17). Our data for
di�erent k indicate that the ratio � + (k=t)=� step

+ (k=t) is
not a constant [Fig. 4(g) inset]. Therefore, unlike the
negative tail, the positive tail is di�erent between the 
at
and step cases. This is reasonable from the viewpoint of
interface pro�les too, which maintain a globally 
at shape
for k > 0 [Fig. 4(h)] while it is curved in the case of the
step initial condition [Fig. 2(c)].
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FIG. 4. Simulation results for the 
at initial condition with N = 10000 (unless otherwise stipulated) and N cl = 10000. (a)(b)
The absolute value of CGF j�(k; t)j (a) and its local exponent d ln j�(k;t)j

d ln t (b) for negative bias k < 0. In (a), simulation data
for the 
at initial condition (symbols) are compared with the exact solution for the step initial condition (solid lines), Eq. (10),
or the prediction for typical 
uctuations for the 
at initial condition (dashed line), Eq. (16). (c) The scaled CGF � � (k) for
the negative tail. Simulation data of �(k; t)=t with t = 10000 for the 
at initial condition (symbols) are compared with the
exact solution for the step initial condition (line), Eq. (10). Inset: the ratio of �(k; t)=t for the 
at initial condition to the exact
solution of � step

� (k) for the step initial condition, with k = �0:215 (blue), �1 (green), and �10 (red). (d) An example of time
evolution of interface pro�les for k = �1, here with N = 1024. (e)(f) The CGF �(k; t) (e) and its local exponent d ln �(k;t)

d ln t (f)
for positive bias k > 0. In (e), simulation data for the 
at initial condition (symbols) are compared with the exact solution for
the step initial condition (solid lines), Eq. (11), or the prediction for typical 
uctuations for the 
at initial condition (dashed
line), Eq. (16). (g) The scaled CGF � + (k=t) for the positive tail. Simulation data of �(k; t)=t 2 for the 
at initial condition
(symbols) are plotted against k=t and compared with the exact solution for the step initial condition (line), Eq. (11). Inset:
the ratio of �(k; t)=t 2 for the 
at initial condition to the exact solution of � step

+ (k=t) for the step initial condition. The dashed
and dotted lines are guides for the eyes indicating 1=

p
2 and 1=2, respectively. (h) An example of time evolution of interface

pro�les for k = 1, here with N = 1024.

V. STATIONARY INITIAL CONDITION

Exact solutions to the large deviations are not avail-
able for the stationary initial condition either. Typical

uctuations were exactly solved [34] and known to be

P (�h; t) ’
� 1=3(1 � �) 1=3

t1=3 f BR

�
�� 1=3(1 � �) 1=3 �h

t1=3

�
;

(�h � O(t 1=3)); (20)

with f BR (�) being the probability density function of the
Baik-Rains distribution [35]. Unlike the Tracy-Widom
distributions, the Baik-Rains distribution has vanishing
mean [35], and this results in a scaling of �(k; t) di�erent
from that for the step and 
at cases. Speci�cally, using
hek�h i ’ 1 + 1

2 h�h2ik 2 in Eq. (4), we obtain

�(k; t) ’ �
h� 2

BR i
2� 2=3(1 � �) 2=3 k2t2=3; (small jkj and t);

(21)
with h� 2

BR i � 1:15 being the variance of the Baik-Rains
distribution. It is known [35{38] that f BR (s) � e � 2

3 s3=2

for s ! +1, leading to P (�h; t) � e � 1
3 tj�h=tj 3=2

in the
crossover region to the negative tail (�h < 0), hence

� stat
� (z) ’ 1

3 jzj3=2 for z ! �0 and � stat
� (k) ’ 4

3 jkj 3 for
k ! �0. Comparing with the value for the step and 
at
initial conditions, we obtain

lim
k!�0

� stat
� (k)

� step
� (k)

= 4: (22)

For the potisive tail (�h > 0), f BR (s) � e �jsj 3 =12 for
s ! �1 [35{37], leading to P (�h; t) � e � 1

48 t 2 (�h=t) 3
,

hence � stat
+ (z) ’ 1

48 z3 for z ! +0 and � stat
+ (k) ’ 8

3 k3=2

for k ! +0. We thereby obtain

lim
k!+0

� stat
+ (k)

� step
+ (k)

= 1: (23)

Therefore, for the stationary case, we expect

�(k; t) ’

(
� stat

� (k)t; (k < 0);
8
3 k3=2t1=2; (k > 0):

(24)

Figure 5 shows the numerical results of our population
dynamics simulations for the stationary case. Since the
stationary initial condition is stochastic, here we repeated
simulations from di�erent initial realizations 1000 times
and took average of �(k; t) over all realizations. Then
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FIG. 5. Simulation results for the stationary initial condition with N = 10000 and N cl = 10000 from 1000 realizations
(unless otherwise stipulated). (a)(b) The absolute value of CGF j�(k; t)j (a) and its local exponent d ln j�(k;t)j

d ln t (b) for negative
bias k < 0. In (a), simulation data for the stationary initial condition (symbols) are compared with the exact solution for
the step initial condition (solid lines), Eq. (10), or the prediction for typical 
uctuations for the stationary initial condition
(dashed line), Eq. (21). (c) The scaled CGF � � (k) for the negative tail. Simulation data of �(k; t)=t for the stationary initial
condition (symbols) are compared with the exact solution for the step initial condition (line), Eq. (10). The values of t used
are 1000; 1000; 575; 184; 75 from the leftmost to the rightmost datapoints. Inset: the ratio of �(k; t)=t for the stationary initial
condition to the exact solution of � step

� (k) for the step initial condition, with k = �0:464 (blue), �1 (green), and �4:64 (red).
(d) An example of time evolution of interface pro�les for k = �1, here with N = 1024. (e)(f) The CGF �(k; t) (e) and its
local exponent d ln �(k;t)

d ln t (f) for positive bias k > 0. In (e), simulation data for the stationary initial condition (symbols) are
compared with the exact solution for the step initial condition (solid lines), Eq. (11), or the prediction for typical 
uctuations
for the stationary initial condition (dashed line), Eq. (16). Inset: the scaled CGF � + (k=t) for the positive tail. Simulation data
of �(k; t)=t 2 for the stationary initial condition (symbols) are plotted against k=t and compared with the exact solution for the
step initial condition (line), Eq. (11). Inset: the ratio of �(k; t)=t 2 for the stationary initial condition to the exact solution of
� step

+ (k=t) for the step initial condition. (h) An example of time evolution of interface pro�les for k = 1, here with N = 1024.

the CGF �(k; t) shows crossover from the typical 
uctu-
ation regime [Eq. (21)], �(k; t) � t 2=3 which is character-
istic of the stationary case, to the large deviation regimes
[Eq. (24)] [Fig. 5(a)(b)(e)(f)]. Due to the larger exponent
value of the typical 
uctuation regime, we were able to
reach the large deviation regimes only for relatively large
values of jkj, compared to the step and 
at cases. This
prevented us from testing Eq. (22) for k ! �0. For
relatively large jkj for which we could reach the large
deviation regime, our data indicate � stat

� (k) ’ � step
� (k)

[Fig. 5(c)], that is, the scaled CGF � � (k) remains iden-
tical to that for the step initial condition. Similarly to
the 
at case, this coincidence can be interpreted as a
result of the spontaneous formation of wedge interface
pro�les for k < 0 [Fig. 4(d)]. Regarding the positive tail,
we con�rm � + (k=t) � (k=t) 3=2 [Fig. 5(g)], but we were
unable to demonstrate the data collapse with di�erent k
(inset), most likely due to the limited time range t � 10 3

we had to work with for repeating many realizations. It
is worthwhile to accomplish this computational task in
future, in view of the conjecture for the KPZ equation
[12, 39] that � (�)

� (z), and equivalently � (�)
� (k) (taking

the signs in the same order), are identical between the
step and stationary initial conditions.

VI. CONCLUDING REMARKS

In the present work, we carried out population dynam-
ics simulations of TASEP and studied large deviations of
the local height (equivalently the integrated current) for
the step, 
at, and stationary initial conditions, which
correspond to the three representative subclasses of the
1D KPZ class. For the step initial condition, our numer-
ical results agreed with the exact theoretical predictions
available in the literature (Fig. 3), for all regimes: pos-
itive and negative large deviations [Eqs. (10)-(12)] and
typical 
uctuations [Eq. (14)]. This demonstrates the va-
lidity of our numerical scheme. For the 
at initial condi-
tion, our numerical results indicate that the scaled CGF
� 
at

� (k) for negative large deviations is identical to that
for the step initial condition [Eq. (10)] for all k < 0, while
theory guarantees it only for k ! �0. This may be
surprising in view of the initial condition dependence
of the KPZ class, but we argue that this may result
from the sponetaneously formed wedge geometry of in-
terface pro�les in the case of negative bias [Fig. 4(d)]. By
contrast, positive large deviations turned out to be dif-
ferent between the 
at and step cases [Fig. 4(g) inset],
which is again understandable from the shape of the in-
terfaces. Finally, for the stationary initial condition, we
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�rst showed theoretically that the CGF �(k; t) in the typ-
ical 
uctuation regime shows a characterstic power law
�(k; t) � t 2=3 [Eq. (21)] di�erent from �(k; t) � t 1=3 for
the other cases, due to the vanishing mean of the Baik-
Rains distribution. This scaling was indeed con�rmed by
our numerical data [Fig. 5(a)(b)(e)(f)]. The data for the
large deviation regimes also showed the CGF exponent
predicted by theory, though the functional forms of the
scaled CGF � stat

� (k) are yet to be determined, due to the
much higher computational cost needed for this case.

From broader perspectives, our results demonstrate
that the population dymamics method can be reliably
used to investigate large deviations of systems in the KPZ
class. Comparing with the other kind of importance sam-
pling method that modi�es the time evolution rule, as im-
plemented previously [23, 24], the population dynamics
method may be heavier in computational cost but is more

versatile, as it does not require modifying nor even know-
ing the time evolution rule. Therefore, it can in principle
be implemented even experimentally. In this context, the
laser holographic technique, which was used to generate
arbitrary initial conditions in the liquid-crystal KPZ ex-
periments [21, 22, 40], is particularly interesting as it can
also be used to clone an observed interface.
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